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Abstrat
We evaluate the fermioni Casimir eet assoiated with a massive fermion onned
within a planar d + 1 dimensional slab-bag, on whih MIT bag model boundary
onditions of standard type, along a single spatial diretion, are imposed. A simple
and eetive method for adding up the zero-point energy eigenvalues, orresponding
to a quantum eld under the inuene of arbitrary boundary onditions, imposed
on the eld on at surfaes perpendiular to a hosen spatial diretion, is proposed.
Using this proedure, an analyti result is obtained, from whih small and large
fermion mass limits, valid for an arbitrary number of dimensions, are derived. They
math some known results in partiular ases. The method an be easily extended
to other ongurations.
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1 Introdution
The marosopially observable vauum energy shift, assoiated with a quantum eld,
is the regularised dierene between the vauum expetation value of the orrespond-
ing Hamiltonian with and without the external onditions demanded by the partiular
physial situation at hand. At the one-loop level, when the external onditions are rep-
resented by boundary onditions, this leads to the usual Casimir eet [1℄  see Ref. [2℄
for an updated review on the theoretial and experimental aspets of this remarkable
phenomenon.
The physial fat that only bound states of quarks are experimentally observed, led
to the model-dependent idea of the total onnement of the quark elds, through the
so-alled bag model. In general, the bag is modeled by the interior of a spherial shell
within whih the quarks and gluon elds are onned. There are several important al-
ulations onerning the vauum energy assoiated with the spherial bag model [3℄, as
well as results onerning the inuene of dierent boundary onditions imposed on the
onned fermioni and gluoni elds [4℄. Planar bag models with standard MIT boundary
onditions (no fermioni urrents through the surfae of the bag) have been also onsid-
ered in the literature, in partiular, the ase of a massless fermioni eld was onsidered
in Ref. [5℄ and its extension to d+ 1 dimensional was disussed in Ref. [6℄. The massive
ase in three spatial dimensions was onsidered in Ref. [7℄.
In the ontext of the evaluation of the zero point energies assoiated with onned
quantum elds, some ongurations, whih depend on the nature of the quantum eld,
the type of spaetime manifold and its dimensionality, and the spei boundary ondition
imposed on the quantum eld on ertain surfaes, lead to relatively simple spetra, easy
to deal with, but others lead to rather omplex ones. The heart of the matter in these
alulations is the (physially meaningful) evaluation of the spetral sum that results
at the one-loop level from the denition of the Casimir energy. This evaluation requires
regularization and renormalization, and reipes for aomplishing this task range from the
relatively simple uto method, employed by Casimir himself [1℄, to a number of powerful
and elegant generalised zeta funtion tehniques [8℄. Contour integral representations of
spetral sums are a great improvement in the tehniques of evaluating zero-point energies;
they are espeially useful when the spetra are not simple, and have been employed
profusely before [9℄.
Here, our aim is twofold. First, with the same objetives as in Refs. [9℄ in mind, we
want to generalise to n + 1 dimensions a simple and eetive way of evaluating the one-
loop vauum energy under external onditions, based on well-known theorems of omplex
analysis, namely, the Cauhy integral formula and the Mittag-Leer expansion theorem
in one of its simplest versions [10, 11℄. The method we will present, although very simple,
is of suient generality so as to be suessfully applied to a variety of ases. Seond, we
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want to apply our basi formula to the ase of the n + 1 dimensional slab-bag, in whih
the quark eld is onstrained into a region bounded by two innite hyperslabs separated
by a xed distane ℓ. MIT boundary onditions (see Ref. [5℄ and referenes therein)
will be imposed on the quantum eld. There are no fermioni eld osillations outside
the interior region of the slab-bag, a situation that must be ompared with the one in
whih the boundary onditions split the spaetime in several regions, and the zero-point
osillations of the relevant quantum elds are present in all of them. This example is one
of the simplest one an think of that leads already to a relatively omplex spetrum, and
serves as a onvenient test of the alulational tool that we present here. The paper is
divided as follows. In Set. 2 we introdue the method, and get the basi formula. In
Set. 3, we apply our main result to the problem in hand, and obtain its exat solution
in terms of Whittaker funtions. Finally, we onsider some partiular limits and hek
oinidene with some other results. The last setion is devoted to nal remarks. We
employ natural units (h¯ = c = 1).
2 The unregularised Casimir energy and a very simple
sum formula
Consider a quantum eld living in a d + 1 dimensional ultrastati at spaetime under
boundary onditions imposed on two hyperplanes of area Ld−1 kept a distane ℓ apart.
Hene the motion along one of the spatial diretions, say, the OX d-axis, is restrited.
Suppose that the ondition L ≫ ℓ holds. At the one loop-level, the (unregularised)
Casimir energy is given by
E0 (d) = α (d)
Ld−1
2
∫ ∑
n
dd−1p⊥
(2π)d−1
Ωn, (1)
where α (d) is a dimensionless fator that ounts the number of internal degrees of freedom
of the quantum eld under onsideration, p⊥ =
√
p21 + p
2
2 + · · ·+ p2d−1, and
Ωn :=
√
p2⊥ +
λ2n
ℓ2
+m2, (2)
where λ is the n-th real root of the transendental equation determined by the boundary
onditions, ℓ is a hararateristi length along the OX d diretion, and m is the mass of an
exitation of the quantum eld. A simple integral representation of
∑
nΩn an be written
if we make use of Cauhy's integral formula. In fat, it is easily seen that
∑
n
Ωn = −
∮
Γ
dq
2π
∑
n
2q2
q2 + Ω2n
, (3)
3
where in priniple Γ is restrited to be a Jordan urve on the q-omplex plane with ℑq > 0,
onsisting of a semiirle of innitely large radius, whose diameter is the entire real axis.
Taking (3) into (1) we obtain
E0 (d) = −α (d) L
d−1
2
∫
dd−1p⊥
(2π)d−1
∮
Γ
dq
2π
∑
n
2q2
q2 + Ω2n
. (4)
In order to proeed we must be able to perform (in a physially meaningful way, as
mentioned above) the disrete sum in (4).
Consider a omplex funtion G(z) of a single omplex variable z, symmetrial on the
real axis and suh that its roots are simple, non-zero and symmetrial with respet to the
origin of the omplex plane. The assumption that the origin is not a root of G(z) is not a
restritive one, beause if z = 0 happens to be a root of G(z), we an always divide G(z)
by some onvenient power of z in order to eliminate zero from the set of roots, without
introduing any new singularity. Let us order and ount the roots of G(z) in suh a way
that
λn = −λ−n, n = ±1,±2, . . . . (5)
Now dene the following meromorphi funtion
J(z) :=
∞ ′∑
n=−∞
1
z − iλn , (6)
where the prime indiates that the term orresponding to n = 0 must be omitted from
the sum. The following properties of J(z) are straightforward: (i) J(z) has rst order
poles whih are determined by the roots of G(iz): (ii) the orresponding residua are all
equal to one. Taking into aount property (5), we see that J(z) an be rewritten as
J(z) =
1
2
(
∞ ′∑
n=−∞
1
z − iλn +
∞ ′∑
n=−∞
1
z + iλn
)
=
∞∑
n=1
2z
z2 + λ2n
, (7)
Let us onsider now the funtion K(z) := G(iz). We an state that
J(z) =
K ′(z)
K(z)
, (8)
where the prime stands for `derivative with respet to z'. In fat, the funtion K ′(z)/K(z)
has the same simple poles as the originally dened J(z), and also the same residuum at
eah pole. Hene, we an invoke the Mittag-Leer theorem, to onlude that Eq. (8) is
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true up to an entire funtion whih does not ontribute to the evaluation of the vauum
energy. It then follows that we an write
K ′(z)
K(z)
=
d
dz
log [K(z)] =
∞∑
n=1
2z
z2 + λ2n
. (9)
In order to make use of Eq. (9), we rst link the dimensionless omplex variable z to
the auxiliary omplex momentum variable q, through the relation
q2 + Ω2n =
z2 + λ2n
ℓ2
(10)
hene
z = z (q, p⊥) = ℓ
√
q2 + p2⊥ +m
2, (11)
and
∞∑
n=1
2q2
q2 + Ω2n
=
ℓ2q2
z
∞∑
n=1
2z
z2 + λ2n
. (12)
Notie that λ0 = 0 is expliitly omitted on the lhs of Eq. (12). Changing variables (d/dz =
(z/ℓ2q)d/dq), we obtain for the unregularised Casimir energy the following expression
E0 (d) = −α (d) L
d−1
2
∫
dd−1p⊥
(2π)d−1
∮
Γ
dq
2π
q
d
dq
log [K(z)] , (13)
whih an be integrated by parts to yield
E0 (d) = −α (d) L
d−1
2
∫
dd−1p⊥
(2π)d−1
∫
Γ
dq
2π
d
dq
{q log [K(z)]}
+α (d)
Ld−1
2
∫
dd−1p⊥
(2π)d−1
∫
Γ
dq
2π
log [K(z)] . (14)
Notie that the integration is now performed on an open urve whih lies on the Riemann
surfae of the integrand the projetion of whih on the q-omplex plane is the urve Γ.
This urve begins at a point in the seond quadrant very lose to the imaginary axis and
very far from the origin, desribes an ar of a irle ounterlokwise until it meets the
real axis, then proeeds to the right along the real axis towards a point very far from
the origin, where it starts to desribe another ar of irle ounterlokwise until it meets
again the imaginary axis (Fig. 1).
The rst term on the rhs of (14) ontributes with a phase whih anels out with a
phase oming from the seond term, being the nal result real. The seond term still
needs regularization and in order to aomplish this we split the funtion K (z) in two
parts
K (z) = K1 (z) +K2 (z) , (15)
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Figure 1: The urve Γ begins at a point in the seond quadrant very lose to the imaginary
axis and very far from the origin, desribes an ar of a irle ounterlokwise, then proeeds to
the right along the real axis towards a point very far from the origin, where it starts to desribe
another ar until it (almost) meets again the imaginary axis. The starting and end points are
symmetrial with respet to the imaginary axis. Γ1 is the part of Γ that goes from the starting
point to the origin and Γ2 is the part from the origin to the nishing point.
with the following properties: (i) all terms whose integrals diverge when Re z > 0 are in
K1 and (ii) all terms whose integrals diverge when Re z < 0 are in K2, (iii) the symmetry
K1 (z) = K2 (−z) , (16)
holds. Then, we an write
I :=
∫
Γ
dq
2π
log [K(z)]
=
∫
Γ1
dq
2π
log [K1 (z)] +
∫
Γ1
dq
2π
log
[
1 +
K2 (z)
K1 (z)
]
+
∫
Γ2
dq
2π
log [K2 (z)] +
∫
Γ2
dq
2π
log
[
1 +
K1 (z)
K2 (z)
]
, (17)
where the integrating path has been divided into two parts: Γ1 is the part of Γ that goes
from the starting point to the origin and Γ2 is the other part, from the origin to the end
point (Fig. 1). The integrals over logKj (z) , j = 1, 2, are evaluated along the dierent
parts, Γj, of the urve Γ and, owing to the symmetry of the onstrution, their sum is
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equal to the integral of logK1 along the total path Γ; this yields a phase that, as remarked
above, anels the phase oming from the rst term in Eq. (14). The other two integrals
are redued to their ontribution along the real axis, and we an write
E0 (d) = α (d)
Ld−1
2
∫ ddp
(2π)d
log
[
1 +
K1 (z)
K2 (z)
]
, (18)
where all along the real axis z does not hange its sign and is a funtion of p := (q := pd, p⊥)
and m given by z = +ℓ
√
p2 +m2. Notie that Eq. (18) gives the regularised onned
vauum energy.
We an proeed a little bit further, still without speialising Eq. (18). First we make
use of ∫
ddp f (p) =
2π
d
2
Γ
(
d
2
) ∫ ∞
0
dp pd−1f (p) (19)
and resale the integration variable aording to p→ x/ℓ to obtain
E0 (ℓ, µ, d) = α (d)
Ld−1
(2π)d Γ
(
d
2
)
ℓd
∫ ∞
0
dx xd−1 log
[
1 +
K1 (z)
K2 (z)
]
, (20)
where now z = +
√
x2 + µ2 with µ := mℓ. Let us hange the integration variable, aord-
ing to z → ω = (x2 + µ2)1/2. Then it follows that the regularised vauum energy is given
by
E0 (ℓ, µ, d) = α (d)
Ld−1
(2π)d Γ
(
d
2
)
ℓd
∫ ∞
µ
dω
(
ω2 − µ2
) d
2
−1
log
[
1 +
K1 (ω)
K2 (ω)
]
. (21)
Equation (21)  or if one wishes Eq. (18)  is our main result. It is not hard to realize that
this result holds for arbitrary boundary onditions imposed on the eld on at surfaes
perpendiular to the OX d axis. However, due to the subtration of the zero root from
the set of all roots, an extra multipliative fator of 2 will be needed when dealing with
topologial periodi or antiperiodi onditions. The funtion K an be onstruted from
the boundary onditions, as we will see expliitly in the next setion.
3 Massive fermion eld under MIT boundary ondi-
tions
As an example of the usefulness of (18), let us apply it to a massive fermion eld onned
within an hypothetial hyperbag with MIT boundary onditions imposed on the eld, on
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the OX d axis. It an be shown that, for this relatively simple bag model, the eigenvalues
of pd are determined by the roots of the funtion F (xd := pdℓ), dened by [7℄
F (pdℓ) = µ sin(pdℓ) + pdℓ cos(pdℓ), (22)
Therefore we an hoose G(ω) as
G(ω) = µ
sin (ω)
ω
+ cos (ω) (23)
where we have divided F (ω) by ω beause ω = 0 is a root of F (ω). We an easily prove
that for the ase at hand the roots of G(ω) are all real. Now, we onstrut K (ω) in
aordane with
K(ω) = G(iω) = µ
sinh (ω)
ω
+ cosh (ω) . (24)
It follows that we an write
K1 (ω) =
1
2
(
1− µ
ω
)
e−ω, (25)
and
K2 (ω) =
1
2
(
1 +
µ
ω
)
eω. (26)
Notie that the symmetry given by Eq. (16) is obeyed as it should. For a fermioni
quantum eld in d + 1 dimensions, we have α (d) = −2 × C (d), where the fator 2
takes into aount the existene of partile and antipartile states, while C (d) ounts the
number of dierent spin states and is given by 2(d−1)/2, for d odd, and by 2(d−2)/2, for d
even. Therefore the regularised vauum energy of the fermion eld is
E0 (ℓ, µ, d) = −C (d) L
d−1
2d−1πd/2Γ
(
d
2
)
ℓd
∫ ∞
µ
dω
(
ω2 − µ2
) d
2
−1
log
[
1 +
ω − µ
ω + µ
e−2ω
]
. (27)
Setting d = 3 we readily obtain the result given in Ref. [7℄. Equation (27) an be integrate
by the following proedure. First we make use of
log (1 +X) = −
∞∑
k=1
(−X)k
k
, (28)
whih holds for −1 ≤ X < 1, and write Eq. (20) under the form
E0 (ℓ, µ, d) = − C (d) L
d−1
2d−1πd/2Γ
(
d
2
)
ℓd
∞∑
k=1
(−1)k+1
k
Ik (µ, d) , (29)
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where
Ik (µ, d) :=
∫ ∞
µ
dω ω (ω + µ)
d
2
−1−k (ω − µ) d2−1+k e−2kω (30)
In order to evaluate this integral, onsider the auxiliary one
Ik (µ, d, λ) :=
∫ ∞
µ
dω (ω + µ)
d
2
−1−k (ω − µ)d2−1+k e−2kωλ, (31)
so that
Ik (µ, d) = − 1
2k
d
dλ
Ik (µ, d, λ = 1) . (32)
To evaluate the auxiliary integral we make use of (.f. formula 3.384.3 in [12℄):
∫ ∞
µ1
dx (x+ β)2ν−1 (x− µ1)2ρ−1 e−µ2x = (µ1 + β)
ν+ρ−1
µν+ρ2
exp
[
(β − µ1)
2
µ2
]
×Γ (2ρ)Wν−ρ,ν+ρ− 1
2
(µ1µ2 + βµ2) , (33)
whereWν,µ (z) is the Whittaker funtion [13℄. This result holds for µ1 > 0, |Arg (β + µ1)| <
π, Re µ2 > 0 and Re ρ > 0. The auxiliary integral then reads
Ik (µ, d, λ) := −(2µ)
d
2
−1
(2kλ)
d
2
Γ
(
d
2
+ k
)
W−k, d−1
2
(4µkλ) . (34)
From this result we easily obtain
Ik (µ, d) = −
Γ
(
d
2
+ k
)
µ
d−2
2
4k
d+2
2
d
dλ
[
λ−
d
2 W−k, d−1
2
(4µkλ)
]
λ=1
. (35)
Therefore the Casimir energy is, at last,
E0 (ℓ, µ, d) = − C (d) L
d−1µ
d−2
2
2d+1πd/2Γ
(
d
2
)
ℓd
∞∑
k=1
(−1)k+1
k
d
2
+2
Γ
(
d
2
+ k
)
× d
dλ
[
λ−
d
2 W−k, d−1
2
(4µkλ)
]
λ=1
. (36)
Analytially, this is as far as we an go and an indeed be onsidered a nie result. In
order to get, however, a taste of the order of magnitude of the dierent terms involved,
or to get a graphial plot of the Casimir energy, we must evaluate Eq. (36) numerially
(whih an be done very quikly) or onsider some speial limits.
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3.1 The limit µ≪ 1
The limit µ≪ 1 is determined by the behavior of the Whittaker funtion on the positive
real axis for small values of the argument. For ompleteness, we state some fats onern-
ing this funtion and relevant to our purposes in the Appendix. It follows then that, for
µ≪ 1, the Casimir energy is given by
E0 (ℓ, µ, d)
Ld−1
≈ −
C (d)
(
2d − 1
)
Γ (d) ζR (d+ 1)
23d−1πd/2Γ
(
d
2
)
ℓd
. (37)
Setting d = 3 we obtain the well known result due to Johnson [5℄, namely
E0 (ℓ, µ, d)
Ld−1
≈ − 7π
2
2880 ℓ3
. (38)
Equation (37) is also in agreement with the analysis of De Paola, Rodrigues and Svaiter
for the d+1 dimensional slab-bag for massless fermions [6℄. This an be easily veried by
setting d = D− 1 and making use of the dupliation formula for the gamma funtion [12℄
Γ (2x) =
22x−1√
π
Γ (x) Γ
(
x+
1
2
)
, (39)
with x = (D − 1) /2. For d = 3, in order to ompare our result with one obtained by [7℄
in this limit we take into aount the seond term of the small z approximation of the
Whittaker funtion (see the Appendix). The result is then
E0 (ℓ, µ, d)
Ld−1
≈ − 7π
2
2880 ℓ3
(1− Bµ) , (40)
where B = 540 ζ (3) /7π4 ≈ 0.95 whih is approximately half of the value obtained in [7℄.
3.2 The limit µ≫ 1
Making use of the large |z| representation of the Whittaker funtion (see the Appendix),
we obtain
E0 (ℓ, µ, d)
Ld−1
≈ −C (d)
Γ
(
d
2
+ 1
)
2d+3πd/2Γ
(
d
2
)
ℓd
[(
d
2
+ 1
)
µ
d
2
−2 + 2µ
d
2
−1
]
e−2µ. (41)
Setting d = 3 and keeping only the leading term, we get
E0 (ℓ, µ, d = 3)
L2
≈ − 3µ
1/2
25π3/2ℓ3
e−2µ, (42)
in agreement with [7℄ as soon as we take into aount the partile and antipartile states,
and thus multiply these authors' result by a fator of 2.
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4 Conlusions
In this paper we have derived a general regularised expression, Eq. (18), for the evaluation
of the Casimir energy of a quantum eld in a at manifold under the inuene of boundary
onditions, imposed on the eld on at surfaes, or topologial onditions onstraining
the motion along a partiular spatial diretion. Then we have applied the main result to
the ase of a massive fermioni quantum eld onned by a planar n+1 dimensional slab-
bag with MIT boundary onditions. An exat result for the onned fermioni vauum
energy was obtained in terms of the derivative of the Whittaker funtion with respet to a
dimensionless parameter. Approximate expressions for the vauum energy were obtained
in the limits of small and large values of the parameter µ = ℓm.
The authors have veried expliitly that the simple Eq. (18) works perfetly well in
several other instanes. For example, it also holds when the OX d diretion is ompatied
by the imposition of topologial onditions, periodi or antiperiodi, on the quantum eld
along that diretion. In fat, the method an be extended and applied to ylindrial and
spherial geometries embedded in d + 1 dimensional spaetimes and, possibly, to other
more omplex ombinations of elds and geometries.
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Appendix: The Whittaker funtion
The Whittaker funtion is dened by [13℄
Wν σ (z) := e
−z/2 zσ+1/2 U
(
1
2
+ σ − ν, 1 + 2σ; z
)
,
where U (a, b; z) is the onuent hypergeometri funtion of the seond kind,
U (a, b; z) =
1
Γ (a)
∫
0
e−zt ta−1 (1 + t)b−a−1 .
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For the situations we are interested in, the small |z| behavior of this funtion is given by
U (a, b : z) ≈ Γ (b− 1)
Γ (a)
z1−b, Re b ≥ 2, b 6= 2.
As a onsequene, for small |z|, the Whittaker funtion behaves as
Wν σ (z) ≈ Γ (2σ)
Γ
(
1
2
+ σ − ν
) (z−σ+1/2 − 1
2
z−σ+3/2
)
.
For large values of |z|, the behavior of the Whittaker funtion is given by a series repre-
sentation [12, 13℄, whose leading term is
Wν,σ (z) ≈ e−z/2 zσ.
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